We derive the two-loop evolution equations for the Cabibbo-KobayashiMaskawa matrix. We show that to leading order in the mass and CKM hierarchies the scaling of the mixings |V ub | 2 , |V cb | 2 , |V td | 2 , |V ts | 2 and of the rephaseinvariant CP-violating parameter J is universal to all orders in perturbation theory. In leading order the other CKM elements do not scale. Imposing the constraint λ b = λ τ at the GUT scale determines the CKM scaling factor to be ≃ 0.58 in the MSSM.
The weak interaction quark eigenstates and the quark mass eigenstates differ in the Standard Model as described by the Cabibbo-Kobayashi-Maskawa (CKM) matrix. In this paper we show that the scaling of the CKM matrix follows a universal pattern to leading order in the mass and CKM hierarchies; namely, the CKM mixing elements that involve the third generation and CP violation scale together, while the other components of the CKM matrix do not scale to leading order. This makes it much simpler to consider the form of the quark mixings at any other scale, in particular at the scale of a grand unified theory (GUT).
The common scaling is a model-independent feature of the evolution, but the amount of scaling can vary between theories.
The Yukawa matrices U and D can be diagonalized by biunitary transformations
The CKM matrix is then given by
The Yukawa matrices evolve with energy scale as determined by renormalization group equations (RGE). This in turn determines an evolution equation for the "running" CKM matrix V (µ).
The renormalization group scaling to leading order in the mass and CKM hierarchies can be represented schematically in the following way:
where the scale µ is the range m t ≤ µ ≤ M G with M G the GUT scale. The CP-violating rephase invariant parameter J [1] also scales as J(M G ) = S(µ)J(µ) to leading order. We have defined our scaling factors to be unity at the GUT scale, but one could equally well choose any convenient scale.
The two light generation quark and lepton Yukawa couplings evolve in a common manner determined by the gauge couplings and traces of the Yukawa matrices, while the third The elements |V ud | 2 and |V us | 2 must evolve to subleading order to preserve unitarity. A practical strategy is to evolve the small mixings X = |V ub | 2 , Y = |V us | 2 , Z = |V cb | 2 , and J which completely determine the other entries in the CKM matrix.
In terms of t = ln(µ/M G ) the two-loop RGEs can be written as
where
The coefficients x i can be found in Refs. [2, 3] .
Following Ma, Pakvasa, Sasaki and Babu [4, 5] we find the CKM evolution equation
Here i, j, k = u, c, t, . . . 
The full evolution equations for X, Y , Z and J are given in the appendix. Keeping only the leading terms in the mass (
hierarchies, these equations simplify considerably [3] and a universal scaling is found
One does not need the mixing between the first two generations to be small (Y << 1) which makes the universality an especially good approximation. To leading order it is only necessary to include the third generation Yukawa couplings inλ 
where S is a scaling factor defined by
This reduces [3, 6] to the scaling factor y 2 (µ) in the one-loop semianalytic treatment (neglecting λ b and λ τ ), with
The general behavior of S(µ) is determined by the sign of a d (and perhaps also a u in models where tan β is large). In the Standard Model the scaling factors are greater than one since the one-loop coefficients a u and a d are negative. We find the following RGEs for the Yukawa couplings
where a = e, µ, τ . Including only the third generation in the sums, these equations reduce to the leading order expressions for λ t , λ b , λ τ yielding
respectively. For the first and second generations the corresponding expressions are
S e (µ) = exp
In Figure 1 GeV. The GUT scale M G is determined as the scale at which unification of α 1 and α 2 is achieved. Given an input value for tan β the input masses and the gauge couplings determine the Yukawa couplings at the scale m t . We integrate the two-loop RGEs for the gauge and Yukawa couplings as well as the evolution equations for X, Y , Z, and J given in the appendix. We now give a sketch of a proof of the universal behavior at an arbitrary order in perturbation theory. A higher order contribution will be of the general form 
The only terms that contribute to leading order in dX/dt, dY /dt, dZ/dt, dJ/dt are those in which the indices in the second sum above involve the third generation
Then to leading order, |V tb | 2 ≃ 1, and one has
which has the same form as Eq. (24). Consequently
A similar argument applies to the cases m = 0 and/or p = 0.
In summary we have shown that there is a universal scaling pattern in the evolution of the CKM matrix when only the leading order terms in the mass and CKM hierarchies are kept.
This is a very good approximation given the observed hierarchy of the quark masses and CKM matrix elements. This scaling behavior persists to all orders in perturbation theory. After this work was completed we learned that similar conclusions about the scaling of the CKM elements have been obtained at the one-loop level by Babu and Shafi [7] . 
